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We study heating in interacting quantum many-body systems driven by random sequences with
n−multipolar correlations, corresponding to a polynomially suppressed low frequency spectrum. For
n ≥ 1, we find a prethermal regime, the lifetime of which grows algebraically with the driving rate,
with exponent 2n + 1. A simple theory based on Fermi’s golden rule accounts for this behaviour.
The quasiperiodic Thue-Morse sequence corresponds to the n→∞ limit, and accordingly exhibits
an exponentially long-lived prethermal regime. Despite the absence of periodicity in the drive, and
in spite of its eventual heat death, the prethermal regime can host versatile non-equilibrium phases,
which we illustrate with a random multipolar discrete time crystal.
Introduction.– A closed quantum many-body system
with a generic time-dependent Hamiltonian, by Noether’s
theorem, does not exhibit energy conservation. Thus, in
maximising its entropy upon equilibration, such a driven
system generically enters a featureless ‘infinite temper-
ature’ state. This heat death can be avoided by leav-
ing the realm of equilibrium physics altogether: in dis-
ordered systems, a many-body localised (MBL) state is
a non-ergodic alternative [1], stable to generic perturba-
tions. For periodically driven (‘Floquet’) systems, this
may even host new forms of non-equilibrium order [2] –
such as spatiotemporal time-crystalline one [3, 4], with-
out any counterparts in undriven systems.
The observation that even in a clean system, before
heating and equilibration take over, there may be a
long-lived but transient ‘prethermal’ regime has gener-
ated many interesting insights. For Floquet systems,
which retain a notion of discrete time-translation sym-
metry, the existence of a prethermal regime is by now
well-established. It is described by an effective Hamilto-
nian [5–13] derived in a high-frequency (Magnus) expan-
sion, in which the driving period acts as a small param-
eter. Similar prethermal regimes have also been found
in static systems with only weakly broken conservation
laws [14–17].
A natural question then is whether prethermalization
can appear in driven systems even in the absence of the
perfect periodicity of a Floquet system. With contin-
uous quasiperiodic driving, such a possibility has been
shown to exist, albeit under somewhat restrictive re-
quirements on the analyticity of the drive [18–20]. With
discrete Fibonacci driving, a glassy relaxation has been
identified [21], but it cannot be captured by a prether-
mal Hamiltonian. For special integrable systems the slow
down (or absence) of heating has also been reported in
Ref. [22–30].
Here we demonstrate that also random drives can
lead to prethermal regimes described by effective Hamil-
tonians for generic quantum many-body systems. To
Floquet
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FIG. 1: Left: schematic diagram for different driving
protocols. Unitaries U± = exp(−iTH±) can form two
types of dipoles, U+U− or U−U+. A Floquet drive is
given by a perfect sequence of a single type of dipole
whereas a random succession of both dipole types cor-
responds to a random dipolar drive. Right: Sketch of
entanglement entropy dynamics. For a random drive
(n = 0) the system heats rapidly to infinite tempera-
ture (inverse temperature β = 0) but for n−multipolar
(n ≥ 1) driving a prethermal plateau emerges. Quasiperi-
odic (n→∞) drives have an exponentially long (in driv-
ing rate) prethermal regime.
this end, we introduce a family of aperiodic but corre-
lated drives that interpolate between highly structured
quasiperiodic and fully random time dependence; the
non-random versions correspond to Floquet drives, see
Fig. 1. It is based on random sequences of unitaries U±,
generated by two Hamiltonians H± acting for a time pe-
riod T . An integer n parametrises the level of correlations
incorporated in the sequence such that n = 0 is a fully
random sequence of U±, while n = 1 is made up of a ran-
dom sequence of ‘dipoles’, i.e. of terms U+U− or U−U+;
and in turn n = 2, ‘quadrupolar’ sequences, are made
up of antialigned dipoles U−U+U+U− or U+U−U−U+;
and so on for higher n. The recursively defined limit
n → ∞ of such random multipolar drives (RMD) thus
corresponds to the Thue-Morse quasiperiodic drive.
The basic motivation for considering such RMD is the
observation that the bounds underpinning derivations of
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2Floquet perthermalisation can be generalised to such set-
tings, and do not per se require perfect Floquet periodic-
ity. Our central finding is that for RMD energy absorp-
tion slows down algebraically with n, with the prether-
mal lifetime growing as (1/T )2n+1. For the quasiperiodic
n→∞ limit, this leads to an exponentially long prether-
malisation scale.
The correlated drives represent a form of spectral en-
gineering as the Fourier transform of the random time
sequence of multipoles vanishes as a power (1/T )n yield-
ing a pseudogap in the limit n → ∞. We find that this
characteristic low frequency behavior underpins an ulti-
matley simple Fermi golden rule argument [10, 16, 31]
accounting for the observed slow heating behavior and
its n-dependence.
Finally, we show the existence of a prethermal random
multipolar time-crystal, where a regular (im)perfect spin
flip operation is sandwiched between random multipoles.
Since the driving completely breaks time translation sym-
metry, this presents an unprecedented spatiotemporal
phenomenon in many-body quantum systems [32].
The remainder of this account is organised as follows.
We first derive the rigorous bounds on heating for our
random drives. To verify it numerically, we then define a
generic model, a clean driven non-integrable Ising model,
Eq. 4, and present results of observables, counterposing
numerical and analytical results for the prethermal life-
time. Finally, the presentation of the random multipolar
time crystal precedes a concluding discussion.
Rigorous bound.– We start from the two elementary
time evolution operators as
U+ = exp(−iTH+), U− = exp(−iTH−), (1)
where H± is a time independent Hamiltonian and T de-
fines the characteristic time scale. For periodic driv-
ing, the dynamics is governed by the Floquet operator
U1 = U−U+, and the Floquet Hamiltonian HF is defined
as U1 = e
−i2THF . It is well established how to construct
a perturbative Floquet-Magnus (FM) expansion in small
T (fast driving), HF =
∑∞
n=0(2T )
nHnF [5, 6].
Already the zeroth order term, H0F = (H+ + H−)/2,
is useful because of the following rigorous bound for the
error accumulated over a single period [33]:∥∥∥U−U+ − e−iH0F 2T∥∥∥ 6 V0 [6 · 2−n0 + λT ] 2T, (2)
where V0 is proportional to the driving amplitude, λ cap-
tures the local typical energy scale of the system, and
n0 ∼ O(T−1) denotes the optimal order before the FM
expansion diverges [33, 34]. Note that Eq. 2 does not
depend on the order of U+ and U−, because the paired
operators U+U− and U−U+ have the same H0F . Conse-
quently, using a triangle inequality, the error for the time
evolution up to t = 2mT can be estimated to be∥∥∥∥∥∥(U−U+)(U+U−) . . .︸ ︷︷ ︸
m cells
−e−iH0F t
∥∥∥∥∥∥ 6 V0 [6 · 2−n0 + λT ] t.
(3)
Crucially, the bound is indeed not limited to periodic
driving and the paired operators can appear in random
sequence. Despite the fact that the derived bound is not
tight, Eq. 3 indicates that in the fast driving regime the
error only becomes notable after a sufficiently long time
leading to a long-lived prethermal regime [33] whose dy-
namics can be approximated by the effective Hamiltonian
H0F with a quasi-conserved energy [35].
Prethermalization.– Next, we confirm via exact diag-
onalization (ED) [36, 37] the possibility of prethermal
regimes as indicated by the bound Eq.3. We focus on a
generic spin model described by the Hamiltonian
H± =
∑
i
Jxσ
x
i σ
x
i+1 + Jzσ
z
i σ
z
i+1 + (B0 ±Bx)σxi +Bzσzi ,
(4)
where Jx, Jz are the nearest-neighbor exchange interac-
tions, B0, Bz are static fields, and Bx denotes the driving
amplitude. We use periodic boundary conditions such
that translation invariance allows us to access the dy-
namics for larger system sizes.
To characterize the thermalization dynamics, we use
two different diagnostics. First, we calculate the mean
energy of the effective system 〈H0F 〉, which should remain
constant in the prethermal regime but drop to zero once
the state heats up to infinite temperature. Second, we
study the growth of the half-chain entanglement entropy
in time SL(t) = −Tr
[
ρL/2 log ρL/2
]
with the half chain
reduced density matrix ρL/2 = Tr1≤i≤L/2 {|ψ(t)〉 〈ψ(t)|}.
We first consider the quasiperiodic Thue-Morse driv-
ing [22], the n → ∞ limit of n−RMD. Starting from
Eq. 1 we use U1 = U−U+ and U˜1 = U+U− to recursively
construct the driving unit cells of time length 2nT as
Un+1 = U˜nUn, U˜n+1 = UnU˜n (5)
Note, n−RMD random sequences are generated from
unit cells Un and U˜n. This recursive construction en-
ables us to simulate the dynamics for exponentially long
time only involving a linearly increasing number of ma-
trix multiplications, i.e. |ψ(2nT )〉 = Un |ψ(0)〉.
In Fig. 2 the dynamics of the mean energy density and
the entanglement entropy are shown for different driving
rates 1/T . The initial state is taken with all spins point-
ing down. For sufficiently fast driving 1/T ≥ 20, the
entanglement entropy SL first saturates to a prethermal
plateau, which is well captured by the zeroth-order effec-
tive Hamiltonian. Meanwhile, the system heats only very
slowly from the external drive, hence, the mean energy
remains constant over a large time window. Only after a
large time scale τS , the entropy SL rapidly grows to the
3t(1/J)
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FIG. 2: Evolution of (a) mean energy and (b) en-
tanglement entropy with Thue-Morse driving as a
function of characteristic time T , using parameters
{Jz, Jx, Bx, Bz, B0} = {1, 0.243, 0.809, 0.357, 0.21}, L =
18. Prethermalization appears with an entanglement
plateau and a lack of energy absorption. (c) Exponential
scaling of the thermalization time versus 1/T .
final plateau with Sβ=0L = [L ln(2)−1]/2 [38], which con-
firms that the system has eventually thermalized to the
infinite temperature state. Correspondingly, the mean
energy drops to zero after the time scale τE .
Next, we study the scaling of the thermalization times
as a function of frequency. τE,S can be extracted by set-
ting certain thresholds, e.g. SL/(L/2) ∼ 0.55 ± 0.05 or
〈H0F 〉t/〈H0F 〉0 ∼ 0.7 ± 0.1. In Fig. 2(c) we show that
both definitions of the thermalization have the same ex-
ponential growth with frequency. We have verified that
the scaling does not show qualitative dependence on the
initial states or precise values of the threshold values [34].
We verified that the prethermal regime also exists for
RMD with finite n and not only for the Thue-Morse limit.
The upper two panels of Fig. 3 depict the results for a
random quadrupolar drive. A similar prethermal plateau
can be identified from the entanglement entropy (Fig. 3
(b)) and the lack of energy absorption (Fig. 3 (a)). As be-
fore, we determine thermalization time by the thresholds
〈H0F 〉t/〈H0F 〉0 ∼ 0.95± 0.01.
In Fig. 3 (c), we show the scaling of τE on a double
log plot for different RMD structures with n = 1, 2, 3.
In contrast to the exponential scaling observed for the
Thue-Morse driving, we identify an algebraic dependence
τE ∝ (1/T )α with α ≈ 2n+ 1. (6)
Interestingly, the fitted exponent strongly depends on the
multipolar correlations and is to a good accuracy a sim-
ple function of n. As a comparison, we also plot the
same result on a log scale in Fig. 3 (d) which indicates
a clear deviation from an exponential fit towards larger
1/T , especially for n ≥ 2.
Fermi’s golden rule.– Although the bound in Eq. 3 in-
dicates the existence of a prethermal regime, it is not
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10
<latexit sha1_base64="Qe0m1g8JUdbN+3LZSFUQfHe4GZY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ltC3os6MFjBfs B7VqyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G05vM7z5RpVkkH8wspr7AY8lCRrDJJM99rA/LFbfqLoDWiZeTCuRoDctfg1FEEkGlIRxr3ffc2PgpVoY RTuelQaJpjMkUj2nfUokF1X66uHWOLqwyQmGkbEmDFurviRQLrWcisJ0Cm4le9TLxP6+fmPDaT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrp1KpevVq7b1Sat3kcRTiDc7gED66gCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fw BESqNmg==</latexit>
10
<latexit sha1_base64="9luTt0KoQGRSP03JnyQRFK5ZTTc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mthXos6MFjBfs B7VqyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G05vM7z5RpVkkH8wspr7AY8lCRrDJJM99rA/LFbfqLoDWiZeTCuRoDctfg1FEEkGlIRxr3ffc2PgpVoY RTuelQaJpjMkUj2nfUokF1X66uHWOLqwyQmGkbEmDFurviRQLrWcisJ0Cm4le9TLxP6+fmPDaT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrp1KreVbV2X680b/M4inAG53AJHjSgCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fw BEq6Nmw==</latexit>
10
<latexit sha1_base64="YIYhyqru8L7RFZ7a9BJTWxrJgzg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mtFT0W9OCxgv2A di3ZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyU3md56o0iySD2YaU1/gkWQhI9hkkuc+Xg7KFbfqzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmel fqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ipp16reRbV2X680bvM4inACp3AOHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDFDKNnA== </latexit>
20
<latexit sha1_base64="6FEqFnjMLBh8OsZV1RGP1pdc4Ns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWsR/QhrLZbtqlm03Y nQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHmpuv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmr vycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0qpVvYtq7f6yUr/N4yjCCZzCOXhwBXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+vfjPY=</latexit>
40
<latexit sha1_base64="lLRr9A3WK589/rmPoFuW+QG6Hao=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LGgB49V7Ae0oWy2m3bpZhN2 J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKDzW3Xyq7FXcOskq8nJQhR6Nf+uoNYpZGXCGT1Jiu5yboZ1SjYJJPi73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV 3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3mWlel8r12/zOApwCmdwAR5cQR3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+7pjPg=</latexit>
⌧ E <latexit sha1_base64="XO/4tYUW7vE5wdB2KH4m6TfbcFc=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FhQwWMF+wFtKJvtpl27yYbdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8Hoeuq3nrg2QsUPOE64H9FBLELBKFqp2UWa9m57pbJbcWcgy8TLSRly1Hulr25fsTTiMTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWBrTiBs/m107IadW6ZNQaVsxkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys9EnKTIYzZfFKaSoCLT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw8uoQZ3UIcGMHiEZ3iFN0c5L8678zFvXXHymSP4A+fzB2k1jwY=</latexit>
n = 1,↵ = 2.77
<latexit sha1_base64="uiJrYb43l6X1qy1Ar5gWcyBErKM=">AAAB+HicbVBNS8NAEN34WetHox69LBbBg4SkCvVSKHrxWMF+QBvKZLtp l242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0q77re1tr6xubVd2Cnu7u0flOzDo5aKU0lok8Q8lp0AFOVM0KZmmtNOIilEAaftYHw789uPVCoWiwc9SagfwVCwkBHQRurbJVHzLnrAkxHUKk612rfLruPOgVeJl5MyytHo21+9QUzSiApNOCjV9dxE+xlIzQin02IvVTQBMoYh 7RoqIKLKz+aHT/GZUQY4jKUpofFc/T2RQaTUJApMZwR6pJa9mfif1011eO1nTCSppoIsFoUpxzrGsxTwgElKNJ8YAkQycysmI5BAtMmqaELwll9eJa2K4106lfurcv0mj6OATtApOkceqqI6ukMN1EQEpegZvaI368l6sd6tj0XrmpXPHKM/sD5/AJGVkbo=</latexit>
n = 2,↵ = 4.96
<latexit sha1_base64="e5aoj/AwaVrzFsybRb7BwVkYMOU=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgQkJSi49FoejGZQX7gDaUyXTa Dp1MwsxEqKFf4saFIm79FHf+jdM2C209cOFwzr3ce08Qc6a0635bK6tr6xubua389s7uXsHeP2ioKJGE1knEI9kKsKKcCVrXTHPaiiXFYcBpMxjdTv3mI5WKReJBj2Pqh3ggWJ8RrI3UtQuiUjrrYB4PcaXsXF907aLruDOgZeJlpAgZal37q9OLSBJSoQnHSrU9N9Z+iqVmhNNJvpMoGmMy wgPaNlTgkCo/nR0+QSdG6aF+JE0JjWbq74kUh0qNw8B0hlgP1aI3Ff/z2onuX/kpE3GiqSDzRf2EIx2haQqoxyQlmo8NwUQycysiQywx0SarvAnBW3x5mTRKjnfulO7LxepNFkcOjuAYTsGDS6jCHdSgDgQSeIZXeLOerBfr3fqYt65Y2cwh/IH1+QOXuZG+</latexit>
1/T
<latexit sha1_base64="m0CoD3daabI3Q0F2dAvU/s9f8k8=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qkkV9FjQg8cK /YI2lM120y7d3YTdiVBK/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdgp7u7tHxyWjo5bNkoM400Wych0Amq5FJo3UaDkndhwqgLJ28H4LvPbT9xYEekGTmLuKzrUIhSMYiZ5l41iv1R2K+4cZJV4OSlDjnq/9NUbRCxRXCOT1Nqu58b oT6lBwSSfFXuJ5TFlYzrk3ZRqqrj1p/NbZ+Q8VQYkjExaGslc/T0xpcraiQrSTkVxZJe9TPzP6yYY3vpToeMEuWaLRWEiCUYke5wMhOEM5SQllBmR3krYiBrKMI0nC8FbfnmVtKoV76pSfbwu1+7zOApwCmdwAR7cQA0eoA5NYDCCZ3iFN0c5L86787FoXX PymRP4A+fzB8I/jWY=</latexit>
(c)
<latexit sha1_base64="MgzZQVR9r8ejqmWutOQ/9KKSLbQ=">AAAB6nicbVDLSgNBEOyN rxhfUY9eBoMQL2E3Cuot4MVjRPOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCs Y3c781hMqzWP5aMYJ+hEdSB5yRo2VHsrsvFcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZ n4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvolK9vyzVbrI48nACp1AGD66gBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBik6NRw==< /latexit>
(d)
<latexit sha1_base64="SI/e/tHgSdzeRw5+Up0VRyrJewo=">AAAB6nicbVBNSwMxEJ2t X7V+VT16CRahXspuFdRbwYvHivYD2qVks9k2NJssSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3QBrypmgLcMMp91EURwHnHa C8e3M7zxRpZkUj2aSUD/GQ8EiRrCx0kM1PB+UK27NnQOtEi8nFcjRHJS/+qEkaUyFIRxr3fPcxPgZVoYRTqelfqppgskYD2nPUoFjqv1sfuoUnVklRJFUtoRBc/X3RIZjrSdxYDtjbEZ62Z uJ/3m91ETXfsZEkhoqyGJRlHJkJJr9jUKmKDF8YgkmitlbERlhhYmx6ZRsCN7yy6ukXa95F7X6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwBCe4RXeHO68OO/Ox6K14OQzx/AHzucPi9ONSA==< /latexit>
(a)
<latexit sha1_base64="sOjZUoNK33Nc8nqmGB8ygq4L+xA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMe vEY0TwgWULvZDYZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdDvzW09MaR7LRzNOmB/hQPKQUzRWeijjea9YcivuHGSVeBkpQYZ6r/jV7cc0jZ g0VKDWHc9NjD9BZTgVbFroppolSEc4YB1LJUZM+5P5qVNyZpU+CWNlSxoyV39PTDDSehwFtjNCM9TL3kz8z+ukJrz2J1wmqWGSLhaFqSAmJrO/SZ8rRo0YW4JUcXsroUNUSI1Np2BD8JZfXiXNasW7qFTvL0u1myyOPJzAKZTBgyuowR3UoQEUBvA Mr/DmCOfFeXc+Fq05J5s5hj9wPn8AifmNTg==</latexit>
(b)
<latexit sha1_base64="7tVg+AhPeiaMnY5qvG8kDXGmdb0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMe vEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZSD816x5FbcOcgq8TJSggz1XvGr249ZGn GFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3UaneX5ZqN1kceTiBUyiDB1dQgzuoQwMYDOA ZXuHNkc6L8+58LFpzTjZzDH/gfP4Ai36NTw==</latexit>
⌧E
<latexit sha1_base64="VTx/4PunO8C/Oe30/9mgH4UoAIg=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUw WMF+wFtKJvtpl27yYbdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3nrg2QsUPOE64H9FBLELBKFqp2UWa9m57pbJbcWcgy8TLSRly1Hulr25fsT TiMTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWBrTiBs/m107IadW6ZNQaVsxkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys9EnKTIYzZfFKaSoCLT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmtWKd16p3l+Ua9d5HAU4hhM4Aw8uoQZ3UIcGMHi EZ3iFN0c5L8678zFvXXHymSP4A+fzB2ibjwQ=</latexit>
H0F<latexit sha1_base64="MPi686V1MHn23SNxY6D6WVR9AQk=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY9FQ Xqs4LaFdi3ZNNuGZrNLkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmBYng2jjONyqsrW9sbhW3Szu7e/sH5cOjlo5TRZlHYxGrTkA0E1wyz3AjWCdRjESBYO1gfDvz209MaR7LBzNJmB+RoeQhp8RYyWv07x6dfrniVJ058Cpxc1KBHM1++as3iG kaMWmoIFp3XScxfkaU4VSwaamXapYQOiZD1rVUkohpP5sfO8VnVhngMFa2pMFz9fdERiKtJ1FgOyNiRnrZm4n/ed3UhNd+xmWSGibpYlGYCmxiPPscD7hi1IiJJYQqbm/FdEQUocbmU7IhuMsvr5JWrepeVGv3l5X6TR5HEU7gFM7BhSuoQwOa4AE FDs/wCm9Iohf0jj4WrQWUzxzDH6DPHwcDjis=</latexit>
S
L
/
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/
2
)
<latexit sha1_base64="uEHsnLVOOml4mr2k2mPYMsA1HGs=">AAAB8HicbVA9TwJBEJ3zE/ELtbTZSEywgTs00ZJECwsKjPJh4EL2lj3YsLt32d0zIYRfYWOhMbb+HDv/jQtcoeBLJnl5byYz84KYM21c99tZWV1b39jMbGW3d3b39nMHhw0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+H11G8+UaVZJB/MKKa+wH3JQkawsdLjfbdaKlRL5bNuLu8W3RnQMvFSkocUtW7uq9OLSCKoNIRjrdueGxt/jJVhhNNJtpNoGmMyxH3atlRiQbU/nh08QadW6aEwUrakQTP198QYC61HIrCdApuBXvSm4n9eOzHhlT9mMk4MlWS+KEw4MhGafo96TFFi+MgSTBSztyIywAoTYzPK2hC8xZeXSaNc9M6L5buLfOUmjSMDx3ACBfDgEipwCzWoAwEBz/AKb45yXpx352PeuuKkM0fwB87nD6z5jwU=</latexit>
hH
0 F
i t/
hH
0 F
i 0
<latexit sha1_base64="Q0Se4xo+GiOAg/G/LA8w+aQ7dog=">AAACFnicbVDLSgMxFM34rPU16tJNsAhurDNV0GVBkS4r2Ad0xiGTpm1oJjMkd4RS+hVu/BU3LhRxK+78G9N2Ftr2wIWTc+4l954wEVyD4/xYS8srq2vruY385tb2zq69t1/Xcaooq9FYxKoZEs0El6wGHARrJoqRKBSsEfavx37jkSnNY3kPg4T5EelK3uGUgJEC+9QTRHYFw5Xg9sHx1OQRwNlC2QnsglN0JsDzxM1IAWWoBva3145pGjEJVBCtW66TgD8kCjgVbJT3Us0SQvuky1qGShIx7Q8nZ43wsVHauBMrUxLwRP07MSSR1oMoNJ0RgZ6e9cbiIq+VQufKH3KZpMAknX7USQWGGI8zwm2uGAUxMIRQxc2umPaIIhRMknkTgjt78jypl4ruebF0d1Eo32Rx5NAhOkInyEWXqIwqqIpqiKIn9ILe0Lv1bL1aH9bntHXJymYO0D9YX7/IpJ6C</latexit>
0.0
<latexit sha1_base64="wyKffU56GNgYKiydj/5fSwrAHPY=">AAAB63icb VDLSgMxFL3xWeur6tJNsAiuykwV1F3BjcsK9gHtUDJppg1NMkOSEcrQX3DjQhG3/pA7/8ZMOwttPRByOOde7r0nTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumz jVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXvJpXHlSq7psDrxK/IFUo0BxUvvrDmKaSKUsFMabne4kNMqItp4LNyv3UsITQ CRmxnqOKSGaCbL7rDJ87ZYijWLunLJ6rvzsyIo2ZytBVSmLHZtnLxf+8XmqjmyDjKkktU3QxKEoFtjHOD8dDrhm1YuoIoZq7XTEdE02odfHkIfjLJ6+Sdr3mX 9bqD1fVxm0RRwlO4QwuwIdraMA9NKEFFMbwDK/whiR6Qe/oY1G6hoqeE/gD9PkDhS+NNQ==</latexit>
0.5
<latexit sha1_base64="eUTLKjCFSCDRnzGRO4jPlwKFszI=">AAAB63icb VDLSsNAFL2pr1pfVZduBovgKiRVUXcFNy4r2Ae0oUymk3boPMLMRCihv+DGhSJu/SF3/o1Jm4W2HrhwOOde7r0njDkz1vO+ndLa+sbmVnm7srO7t39QPTxqG5 VoQltEcaW7ITaUM0lblllOu7GmWIScdsLJXe53nqg2TMlHO41pIPBIsogRbHPJc68qg2rNc7050CrxC1KDAs1B9as/VCQRVFrCsTE934ttkGJtGeF0VuknhsaY TPCI9jIqsaAmSOe3ztBZpgxRpHRW0qK5+nsixcKYqQizToHt2Cx7ufif10tsdBOkTMaJpZIsFkUJR1ah/HE0ZJoSy6cZwUSz7FZExlhjYrN48hD85ZdXSbvu+ hdu/eGy1rgt4ijDCZzCOfhwDQ24hya0gMAYnuEV3hzhvDjvzseiteQUM8fwB87nD4zIjTo=</latexit>
1.0
<latexit sha1_base64="ZnnQHfyVdNHp6+7RbzrrkzOMzaQ=">AAAB63icb VBNS8NAEJ34WetX1aOXxSJ4CkkV1FvBi8cK9gPaUDbbSbt0dxN2N0Ip/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvTAQ31vO+nbX1jc2t7dJOeXdv/+CwcnTcMn GqGTZZLGLdCalBwRU2LbcCO4lGKkOB7XB8l/vtJ9SGx+rRThIMJB0qHnFGbS75rlfuV6qe681BVolfkCoUaPQrX71BzFKJyjJBjen6XmKDKdWWM4Gzci81mFA2 pkPsZlRRiSaYzm+dkfNMGZAo1lkpS+bq74kplcZMZJh1SmpHZtnLxf+8bmqjm2DKVZJaVGyxKEoFsTHJHycDrpFZMckIZZpntxI2opoym8WTh+Avv7xKWjXXv 3RrD1fV+m0RRwlO4QwuwIdrqMM9NKAJDEbwDK/w5kjnxXl3Phata04xcwJ/4Hz+AIa2jTY=</latexit>
0.0
<latexit sha1_base64="wyKffU56GNgYKiydj/5fSwrAHPY=">AAAB63icb VDLSgMxFL3xWeur6tJNsAiuykwV1F3BjcsK9gHtUDJppg1NMkOSEcrQX3DjQhG3/pA7/8ZMOwttPRByOOde7r0nTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumz jVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXvJpXHlSq7psDrxK/IFUo0BxUvvrDmKaSKUsFMabne4kNMqItp4LNyv3UsITQ CRmxnqOKSGaCbL7rDJ87ZYijWLunLJ6rvzsyIo2ZytBVSmLHZtnLxf+8XmqjmyDjKkktU3QxKEoFtjHOD8dDrhm1YuoIoZq7XTEdE02odfHkIfjLJ6+Sdr3mX 9bqD1fVxm0RRwlO4QwuwIdraMA9NKEFFMbwDK/whiR6Qe/oY1G6hoqeE/gD9PkDhS+NNQ==</latexit>
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FIG. 3: Evolution of (a) mean energy and (b)
entanglement entropy with quadrupolar random
driving, with parameters {Jz, Jx, Bx, Bz, B0} =
{1, 0.243, 0.809, 0.357, 0.21}, L = 16. Prethermal
plateau of entanglement entropy appears for 1/T > 15.
Thermalization time dependence on 1/T in log-log (c)
and log scale (d) for n−multipolar drivings which con-
firms the algebraic dependence (1/T )α with α ≈ 2n+ 1.
tight and insufficient to predict the scaling of the ther-
malization time. As an alternative, we show in the fol-
lowing that the characteristic scaling follows from a sim-
ple extension of Fermi’s golden rule (FGR) as applied to
Floquet systems [10, 31, 39–41].
Let us first follow Ref. [10] to recall the FGR for
periodically driven systems described by the Hamilto-
nian Hˆ(t) = Hˆ0 + g(t)Kˆ, where g(t)Kˆ denotes the
weak periodic driving with g(t) =
∑
m gm sin(mΩt) with
Ω = 2pi/T and gm the strength of the Fourier com-
ponents. The thermalization rate can be written as
Γ(t) =
∑
m E˙m(t)/ [E∞ − E(t)], where E˙m denotes the
average rate of energy absorption for mode m and E∞
is the energy of the system at infinite temperature. In
the linear response regime, this rate remains almost con-
stant and its inverse enables one to estimate the ther-
malization time scale [10]. For fast drivings, extensive
numerical evidence [10, 12] and theoretical analysis [5–
7, 9, 42–44] suggest that the thermalization rate is expo-
nentially suppressed as Γ =
∑
m g
2
mAe
−mΩ/, where A, 
are both model dependent parameters. Accordingly, the
prethermal regime is exponentially long-lived as τ ∝ eΩ
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1/T = 30
<latexit sha1_base64="uCLjEQ6MSL03UsHnrgxF6qykQTY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBb0oBS8eK/QL2qVk0 2wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+G7mt5+o0kyKhpnE1I/wULCQEWys1PIuGjdVt18suWV3DrRKvIyUIEO9X/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLu WChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjtp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0KmWvWq48XJZqt1kceTiBUzgHD66gBvdQhyYQeIRneIU3RzovzrvzsWjNOdnMMfyB8/kD78OOCg==</latexit>
Even
<latexit sha1_base64="5cQe8OUH6LSI88iDA3W6Y+LU7hA =">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUwWMF+wFtKJvtpF262YTdTaGU/gUvHhTx6h/y5r9x0+agrQ8GHu/NM DMvSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoLvNbY1Sax/LJTBL0IzqQPOSMm ky6H6PslcpuxZ2DrBIvJ2XIUe+Vvrr9mKURSsME1brjuYnxp1QZzgTOit1UY0LZiA6wY6mkEWp/Or91Rs6t0idhrGxJQ+bq7 4kpjbSeRIHtjKgZ6mUvE//zOqkJb/wpl0lqULLFojAVxMQke5z0uUJmxMQSyhS3txI2pIoyY+Mp2hC85ZdXSbNa8S4r1cerc u02j6MAp3AGF+DBNdTgAerQAAZDeIZXeHMi58V5dz4WrWtOPnMCf+B8/gD9z440</latexit>
Odd
<latexit sha1_base64="+cJmlj+2Npzh8P8lexTU8cfdwA E=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04s2K9gPaUDabSbt0swm7G6GU/gQvHhTx6i/y5r9x2+agrQ8GHu /NMDMvSAXXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1EmmGDZYIhLVDqhGwSU2DDcC26lCGgcCW8HwZuq3nlBpnshHM0rRj2lf8 ogzaqz0cBeGvVLZrbgzkGXi5aQMOeq90lc3TFgWozRMUK07npsaf0yV4UzgpNjNNKaUDWkfO5ZKGqP2x7NTJ+TUKiGJEmVL GjJTf0+Maaz1KA5sZ0zNQC96U/E/r5OZ6Mofc5lmBiWbL4oyQUxCpn+TkCtkRowsoUxxeythA6ooMzadog3BW3x5mTSrFe +8Ur2/KNeu8zgKcAwncAYeXEINbqEODWDQh2d4hTdHOC/Ou/Mxb11x8pkj+APn8wcjbY2z</latexit>
Odd
<latexit sha1_base64="+cJmlj+2Npzh8P8lexTU8cfdwAE=" >AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04s2K9gPaUDabSbt0swm7G6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXx nW/nZXVtfWNzcJWcXtnd2+/dHDY1EmmGDZYIhLVDqhGwSU2DDcC26lCGgcCW8HwZuq3nlBpnshHM0rRj2lf8ogzaqz0cBeGvVLZrbg zkGXi5aQMOeq90lc3TFgWozRMUK07npsaf0yV4UzgpNjNNKaUDWkfO5ZKGqP2x7NTJ+TUKiGJEmVLGjJTf0+Maaz1KA5sZ0zNQC96U /E/r5OZ6Mofc5lmBiWbL4oyQUxCpn+TkCtkRowsoUxxeythA6ooMzadog3BW3x5mTSrFe+8Ur2/KNeu8zgKcAwncAYeXEINbqEODW DQh2d4hTdHOC/Ou/Mxb11x8pkj+APn8wcjbY2z</latexit>
Even
<latexit sha1_base64="5cQe8OUH6LSI88iDA3W6Y+LU7hA="> AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUwWMF+wFtKJvtpF262YTdTaGU/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW /nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoLvNbY1Sax/LJTBL0IzqQPOSMmky6H6PslcpuxZ2DrBI vJ2XIUe+Vvrr9mKURSsME1brjuYnxp1QZzgTOit1UY0LZiA6wY6mkEWp/Or91Rs6t0idhrGxJQ+bq74kpjbSeRIHtjKgZ6mUvE//zOq kJb/wpl0lqULLFojAVxMQke5z0uUJmxMQSyhS3txI2pIoyY+Mp2hC85ZdXSbNa8S4r1cercu02j6MAp3AGF+DBNdTgAerQAAZDeIZXe HMi58V5dz4WrWtOPnMCf+B8/gD9z440</latexit>
hM
z
i
<latexit sha1_base64="gsf9/mlIsR2te3NIDBxlvg0Ty5Y=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEVyWpgi6LbtwIFewFmhAm05N26GQSZiZiLX0VNy4UceuLuPNtnKZZaOsPAx//OYdz5g9TzpR2nG9rZXVtfWOztFXe3tnd27cPKm2VZJJCiyY8kd2QKOBMQEszzaGbSiBxyKETjq5n9c4DSMUSca/HKfgxGQgWMUq0sQK74nEiBhzwbfDkyRwDu+rUnFx4GdwCqqhQM7C/vH5CsxiEppwo1XOdVPsTIjWjHKZlL1OQEjoiA+gZFCQG5U/y26f4xDh9HCXSPKFx7v6emJBYqXEcms6Y6KFarM3M/2q9TEeX/oSJNNMg6HxRlHGsEzwLAveZBKr52AChkplbMR0SSag2cZVNCO7il5ehXa+5Z7X63Xm1cVXEUUJH6BidIhddoAa6QU3UQhQ9omf0it6sqfVivVsf89YVq5g5RH9kff4A0zaUTQ==</latexit>
1/T = 10
<latexit sha1_base64="GQxUy0x 2RRWsRegVFc5C8TkLOyY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU 91tBb0oBS8eK/QL2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDg cd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15U zQpmGG006sKI4CTtvB+G7mt5+o0kyKhpnE1I/wULCQEWys1PIuGjee2y +W3LI7B1olXkZKkKHeL371BpIkERWGcKx113Nj46dYGUY4nRZ6iaYxJm M8pF1LBY6o9tP5tVN0ZpUBCqWyJQyaq78nUhxpPYkC2xlhM9LL3kz8z+s mJrz2UybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2 /vEpalbJXLVceLku12yyOPJzAKZyDB1dQg3uoQxMIPMIzvMKbI50X593 5WLTmnGzmGP7A+fwB7LmOCA==</latexit>
1/T = 20
<latexit sha1_base64="8ylEbB3 5pEY5TE76lkGl5QUgqnU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU 91tBb0oBS8eK/QL2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDg cd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15U zQpmGG006sKI4CTtvB+G7mt5+o0kyKhpnE1I/wULCQEWys1PIuGjcVt1 8suWV3DrRKvIyUIEO9X/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTM Z4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9d NTHjtp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt +eZW0KmWvWq48XJZqt1kceTiBUzgHD66gBvdQhyYQeIRneIU3Rzovzrv zsWjNOdnMMfyB8/kD7j6OCQ==</latexit>
1/T = 30
<latexit sha1_base64="uCLjEQ6MSL03UsHnrgxF6qykQTY=">AAAB7 XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBb0oBS8eK/QL2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLu zs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+G7mt5+o0kyKhpnE1I/wULCQEWys1PIuGjdVt18suWV3DrRKvIyUIEO9X/zqDSRJIi oM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjtp0zEiaGCLBaFCUdGotnraMA UJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0KmWvWq48XJZqt1kceTiBUzgHD66gBvdQhyYQeIRneIU3RzovzrvzsWjNOdnMMfyB8/kD78OOCg==</la texit>
1/T = 10
<latexit sha1_base64="GQxUy0x2RRWsRegVFc5C8TkLOyY=">AAAB7 XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBb0oBS8eK/QL2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLu zs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+G7mt5+o0kyKhpnE1I/wULCQEWys1PIuGjee2y+W3LI7B1olXkZKkKHeL371BpIkER WGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LBY6o9tP5tVN0ZpUBCqWyJQyaq78nUhxpPYkC2xlhM9LL3kz8z+smJrz2UybixFBBFovChCMj0ex1NGC KEsMnlmCimL0VkRFWmBgbUMGG4C2/vEpalbJXLVceLku12yyOPJzAKZyDB1dQg3uoQxMIPMIzvMKbI50X5935WLTmnGzmGP7A+fwB7LmOCA==</la texit>
1/T = 20
<latexit sha1_base64="8ylEbB35pEY5TE76lkGl5QUgqnU=">AAAB7 XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBb0oBS8eK/QL2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLu zs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+G7mt5+o0kyKhpnE1I/wULCQEWys1PIuGjcVt18suWV3DrRKvIyUIEO9X/zqDSRJIi oM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjtp0zEiaGCLBaFCUdGotnraMA UJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0KmWvWq48XJZqt1kceTiBUzgHD66gBvdQhyYQeIRneIU3RzovzrvzsWjNOdnMMfyB8/kD7j6OCQ==</la texit>
1/T = 30
<latexit sha1_base64="uCLjEQ6MSL03UsHnrgxF6qykQTY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBb0oBS8eK/QL2qVk02wbm02WJ CuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+G7mt5+o0kyKhpnE1I/wULCQEWys1PIuGjdVt18suWV3DrRKvIyUIEO9X/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg 0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjtp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0KmWvWq48XJZqt1kceTiBUzgHD66gBvdQhyYQeIRneIU3RzovzrvzsWjNOdnMMfyB8/kD78OOCg==</latexit>
Even
<latexit sha1_base64="5cQe8OUH6LSI88iDA3W6Y+LU7hA="> AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUwWMF+wFtKJvtpF262YTdTaGU/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW /nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoLvNbY1Sax/LJTBL0IzqQPOSMmky6H6PslcpuxZ2DrBI vJ2XIUe+Vvrr9mKURSsME1brjuYnxp1QZzgTOit1UY0LZiA6wY6mkEWp/Or91Rs6t0idhrGxJQ+bq74kpjbSeRIHtjKgZ6mUvE//zOq kJb/wpl0lqULLFojAVxMQke5z0uUJmxMQSyhS3txI2pIoyY+Mp2hC85ZdXSbNa8S4r1cercu02j6MAp3AGF+DBNdTgAerQAAZDeIZXe HMi58V5dz4WrWtOPnMCf+B8/gD9z440</latexit>
Odd
<latexit sha1_base64="+cJmlj+2Npzh8P8lexTU8cfdwAE=" >AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04s2K9gPaUDabSbt0swm7G6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXx nW/nZXVtfWNzcJWcXtnd2+/dHDY1EmmGDZYIhLVDqhGwSU2DDcC26lCGgcCW8HwZuq3nlBpnshHM0rRj2lf8ogzaqz0cBeGvVLZrbg zkGXi5aQMOeq90lc3TFgWozRMUK07npsaf0yV4UzgpNjNNKaUDWkfO5ZKGqP2x7NTJ+TUKiGJEmVLGjJTf0+Maaz1KA5sZ0zNQC96U /E/r5OZ6Mofc5lmBiWbL4oyQUxCpn+TkCtkRowsoUxxeythA6ooMzadog3BW3x5mTSrFe+8Ur2/KNeu8zgKcAwncAYeXEINbqEODW DQh2d4hTdHOC/Ou/Mxb11x8pkj+APn8wcjbY2z</latexit>
Odd
<latexit sha1_base64="+cJmlj+2Npzh8P8lexTU8cfdwAE=" >AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04s2K9gPaUDabSbt0swm7G6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXx nW/nZXVtfWNzcJWcXtnd2+/dHDY1EmmGDZYIhLVDqhGwSU2DDcC26lCGgcCW8HwZuq3nlBpnshHM0rRj2lf8ogzaqz0cBeGvVLZrbg zkGXi5aQMOeq90lc3TFgWozRMUK07npsaf0yV4UzgpNjNNKaUDWkfO5ZKGqP2x7NTJ+TUKiGJEmVLGjJTf0+Maaz1KA5sZ0zNQC96U /E/r5OZ6Mofc5lmBiWbL4oyQUxCpn+TkCtkRowsoUxxeythA6ooMzadog3BW3x5mTSrFe+8Ur2/KNeu8zgKcAwncAYeXEINbqEODW DQh2d4hTdHOC/Ou/Mxb11x8pkj+APn8wcjbY2z</latexit>
Even
<latexit sha1_base64="5cQe8OUH6LSI88iDA3W6Y+LU7hA="> AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUwWMF+wFtKJvtpF262YTdTaGU/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW /nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoLvNbY1Sax/LJTBL0IzqQPOSMmky6H6PslcpuxZ2DrBI vJ2XIUe+Vvrr9mKURSsME1brjuYnxp1QZzgTOit1UY0LZiA6wY6mkEWp/Or91Rs6t0idhrGxJQ+bq74kpjbSeRIHtjKgZ6mUvE//zOq kJb/wpl0lqULLFojAVxMQke5z0uUJmxMQSyhS3txI2pIoyY+Mp2hC85ZdXSbNa8S4r1cercu02j6MAp3AGF+DBNdTgAerQAAZDeIZXe HMi58V5dz4WrWtOPnMCf+B8/gD9z440</latexit>
hM
z
i
<latexit sha1_base64="gsf9/mlIsR2te3NIDBxlvg0Ty5Y=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1gEVyWpgi6LbtwIFewFmhAm05N26GQSZiZiLX0VNy4UceuLuPNtnKZZaOsPAx//OYdz5g9TzpR2nG9rZXVtfWOztFXe3tnd27cPKm2VZJJCiyY8kd2QKOBMQEszzaGbSiBxyKETjq5n9c4DSMUSca/HKfgxGQgWMUq0sQK74nEiBhzwbfDkyRwDu+rUnFx4GdwCqqhQM7C/vH5CsxiEppwo1XOdVPsTIjWjHKZlL1OQEjoiA+gZFCQG5U/y26f4xDh9HCXSPKFx7v6emJBYqXEcms6Y6KFarM3M/2q9TEeX/oSJNNMg6HxRlHGsEzwLAveZBKr52AChkplbMR0SSag2cZVNCO7il5ehXa+5Z7X63Xm1cVXEUUJH6BidIhddoAa6QU3UQhQ9omf0it6sqfVivVsf89YVq5g5RH9kff4A0zaUTQ==</latexit>
1/T = 10
<latexit sha1_base64="GQxUy0x 2RRWsRegVFc5C8TkLOyY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU 91tBb0oBS8eK/QL2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDg cd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15U zQpmGG006sKI4CTtvB+G7mt5+o0kyKhpnE1I/wULCQEWys1PIuGjee2y +W3LI7B1olXkZKkKHeL371BpIkERWGcKx113Nj46dYGUY4nRZ6iaYxJm M8pF1LBY6o9tP5tVN0ZpUBCqWyJQyaq78nUhxpPYkC2xlhM9LL3kz8z+s mJrz2UybixFBBFovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMGG4C2 /vEpalbJXLVceLku12yyOPJzAKZyDB1dQg3uoQxMIPMIzvMKbI50X593 5WLTmnGzmGP7A+fwB7LmOCA==</latexit>
1/T = 20
<latexit sha1_base64="8ylEbB3 5pEY5TE76lkGl5QUgqnU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU 91tBb0oBS8eK/QL2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDg cd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15U zQpmGG006sKI4CTtvB+G7mt5+o0kyKhpnE1I/wULCQEWys1PIuGjcVt1 8suWV3DrRKvIyUIEO9X/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTM Z4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9d NTHjtp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt +eZW0KmWvWq48XJZqt1kceTiBUzgHD66gBvdQhyYQeIRneIU3Rzovzrv zsWjNOdnMMfyB8/kD7j6OCQ==</latexit>
1/T = 30
<latexit sha1_base64="uCLjEQ6MSL03UsHnrgxF6qykQTY=">AAAB7 XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBb0oBS8eK/QL2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLu zs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+G7mt5+o0kyKhpnE1I/wULCQEWys1PIuGjdVt18suWV3DrRKvIyUIEO9X/zqDSRJIi oM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjtp0zEiaGCLBaFCUdGotnraMA UJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0KmWvWq48XJZqt1kceTiBUzgHD66gBvdQhyYQeIRneIU3RzovzrvzsWjNOdnMMfyB8/kD78OOCg==</la texit>
1/T = 10
<latexit sha1_base64="GQxUy0x2RRWsRegVFc5C8TkLOyY=">AAAB7 XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBb0oBS8eK/QL2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLu zs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+G7mt5+o0kyKhpnE1I/wULCQEWys1PIuGjee2y+W3LI7B1olXkZKkKHeL371BpIkER WGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LBY6o9tP5tVN0ZpUBCqWyJQyaq78nUhxpPYkC2xlhM9LL3kz8z+smJrz2UybixFBBFovChCMj0ex1NGC KEsMnlmCimL0VkRFWmBgbUMGG4C2/vEpalbJXLVceLku12yyOPJzAKZyDB1dQg3uoQxMIPMIzvMKbI50X5935WLTmnGzmGP7A+fwB7LmOCA==</la texit>
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FIG. 4: Dynamics of the magnetization of the cen-
tral spin induced by a random dipolar drive with addi-
tional spin flips, using parameters {Jz, Jx, Bz, B0, Bx} =
{1, 0.315, 0.21,−0.05, 0.25}, L = 18. A long-lived
prethermal DTC exists with dipolar driving (left), while
heating is inevitably fast for the random case (right).
for Floquet systems.
Next, we can extend the FGR to the n−RMD with
a continuous frequency spectrum g(t) =
∫
dxgx sin(xΩt)
with an algebraically suppressed weight at low frequen-
cies gx ∝ xn as follows from the auto-correlation func-
tion of the multipolar sequence generated from Eq. 5, see
Supp. Mat. [34]. Again, in the linear response regime
it is assumed that the system absorbs energy from each
frequency mode independently such that
Γ ∝
∫ ∞
0
dxx2nAe−xΩ/ ∝ Ω−(2n+1). (7)
Correspondingly, the thermalization time scales as
(1/T )2n+1 in accordance with the numerics, Fig. 3(c).
The Fourier spectrum of the quasiperiodic TMS driv-
ing, n → ∞, has a pseudo-gap proportional to Ω. Con-
sequently, the heating process becomes similar to that of
Floquet systems: if the gap is larger than the local band
width J , multiple spin-flips involving at least Ω/J spins
are needed to absorb energy from the drive [6, 42], but
as theses collective processes are rare, it leads to an ex-
ponential scaling of the thermalization time O(e1/T ) in
accordance with the numerical results of Fig. 2.
Overall, the agreement of the numerical results and the
FGR rate Eq. 7 leads to a surprisingly simple picture,
namely, that the dominant heating is induced by the ab-
sorption of single low energy modes even for the contin-
uos spectrum, whereas the inevitably present multi-mode
processes only contribute at later time scales when the
system has already thermalized.
Prethermal Random Multipolar DTC.– Finally, we pro-
vide a concrete example of a prethermal non-equilibrium
phase for our family of RMDs. We extend the idea of
Floquet DTCs [3, 4] to a situation where the drive con-
tains temporally random components between the spin
flips: for example, we add global spin flips in between
the dipolar time evolution operators as
U ′1 = e
−iH−T e−iH+TX, U˜ ′1 = e
−iH+T e−iH−TX, (8)
where X = exp
(
ipi2
∑
i σ
x
i
) ∼ ∏i σxi . According to our
discussion above, both dipolar operators can be approx-
imated as
U ′1, U˜
′
1 ≈ e−i(H++H−)TX, (9)
to lowest order in the Magnus expansion.
For the ideal case when the effective Hamiltonian,
H0F = (H+ + H−)/2, preserves the Z2 Ising sym-
metry, products of U ′1, U˜
′
1 can be approximated as
(e−iH
0
F 2TX)2 = e−iH
0
F 4T such that in the prethermal
regime the time evolution at stroboscopic times 4T is
well described by the effective Hamitonian H0F . Conse-
quently, for a Z2 symmetry broken initial state, the lo-
cal magnetization will exhibit period-doubling behavior
with respect to the 2T periodic spin flips. Such a random
prethermal DTC should still persist if the Z2 symmetry
of H0F is weakly broken, but the lifetime will decrease
depending on the perturbation.
In Fig. 4 (left panel), we have numerically verified the
existence of a prethermal DTC with random dipolar driv-
ing. The lifetime notably increases for faster driving, in
particular for T−1 = 30 the amplitude of the period-
doubling magnetization does not decrease appreciatively
for numerically accessible times. We also verified the ro-
bustnes of the prethermal DTC for imperfect spin flip
operations [34].
Fig. 4 contrasts the prethermal nature of RMD to the
one of a purely random drive built from
U ′+ = e
−iH+TX, U ′− = e
−iH−TX. (10)
As U ′+, U
′
− also perform perfect spin flips, a period-
doubling pattern exists for short times, but heating is
inevitably fast and no prethermal regime appears.
Conclusions and outlook.– We have introduced a fam-
ily of random drives with n-multipolar correlations in
time which give rise to prethermal regimes in interact-
ing many-body quantum systems. We found numerically,
and via a Fermi’s golden rule calculation, a characteristic
algebraic dependence of the heating time scale on n. The
quasiperiodic limit n → ∞ of the Thue-Morse sequence
displays an exponentially long-lived prethermal regime.
Random multipolar drives present an elementary and
controlled way to introduce randomness to a Floquet sys-
tem. The resulting tunable algebraic prethermalisation
adds a new aspect to our understanding of paths towards
thermalization. Beyond Fermi’s golden rule, it remains
intriguing how multi-photon processes [45] contribute to
the late-stage heating. With numerics limited to small
systems, as is often the case for generic interacting many-
body systems, more extensive numerical studies would
also be worthwhile.
Beyond Floquet DTCs [3, 4] or discrete time quasi-
crystals [19, 21], the random drives completely break
discrete time translation symmetry, and thus enrich the
growing zoo of non-equilibrium phases of matter.
5RMD represents a simple form of spectral engineering
in driven systems. It would be interesting to study this
in relation to many-body localization and eigenstate or-
der [21, 46], or in the context of quantum information
processing. Finally, an obvious much broader question
concerns the scope of such spectral engineering in non-
equilibrium quantum many-body dynamics more gener-
ally.
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7Proof of the bound Eq. 3
Here closely following Ref.[33] we derive the bound
for the time evolution operators of the random dipolar
drives, which is made up of random sequences of dipoles
U1 = U−U+ or U˜1 = U+U− with
U+ = exp(−iTH+), U− = exp(−iTH−). (11)
The time-dependent Hamiltonian for each dipole can be
written respectively as
HA(t) = H−(0 < t < T ), H+(T < t < 2T ), (12)
HB(t) = H+(0 < t < T ), H−(T < t < 2T ), (13)
which can also be rewritten as HA/B(t) = Hstatic +
V A/B(t), with Hstatic being the time-independent part.
We consider a general few body Hamiltonian involving
at most k-body interactions with finite k:
Hstatic =
∑
|X|≤k
hX , V
A/B(t) =
∑
|X|≤k
v
A/B
X (t), (14)
where X labels the set of interacting sites and |X| is the
size of the set. Note, we also have the property
v
A/B
X (0 < t < T ) = v
B/A
X (T < t < 2T ), (15)
which will be used later.
We use the parameter JB/A to denote the local inter-
action strength (or single particle energy) of the system:∑
X:X3i
(
‖hX‖+ ‖vA/BX (t)‖
)
≤ JA/B , (16)
where || . . . || is the operator norm, and ∑X:X3i denotes
the summation w.r.t. the supports containing the spin
i. Based on Eq. 15, we can easily see JA = JB := J
and define λ := 2kJ as the typical local energies of the
system. We introduce the average driving norm as
V
A/B
0 :=
∑
|X|≤k
1
2T
∫ 2T
0
∥∥∥vA/BX (t)∥∥∥ dt, (17)
where 2T is used because each dipole takes time 2T .
Moreover by separating the time integral and using
Eq. 15, one arrives at
V
A/B
0 =
∑
|X|≤k
1
2T
[ ∫ T
0
∥∥∥vA/BX (t)∥∥∥ dt+ ∫ 2T
T
∥∥∥vA/BX (t)∥∥∥ dt]
=
∑
|X|≤k
1
2T
∫ T
0
[ ∥∥∥vB/AX (t)∥∥∥+ ∥∥∥vA/BX (t)∥∥∥ ]dt. (18)
One can realize that V A0 = V
B
0 , which will be denoted as
V0 in the following.
According to Ref.[33], both of the dipole operators, U1
and U˜1, can be approximated by the same zeroth order
effective Hamiltonian H0F = (H+ +H−)/2, and the error
is bounded as∥∥∥U1/U˜1 − e−iH0F 2T∥∥∥ 6 [6 · 2−n0 + λT ]V02T. (19)
The exponent
n0 :=
⌊
1
16λ(2T )
⌋
= O(T−1), (20)
with the floor function b.c, denotes the optimal order
of the Floquet-Magnus expansion before it diverges [33].
The error accumulates during the time evolution hence
the dynamics deviate from the one H0F predicts. The
rigorous bound in Eq. 3 can be obtained by using Eq. 19
and the triangle inequality for arbitrary unitaries
‖W1W2 − V1V2‖ = ‖(W1 − V1)W2 + V1(W2 − V2)‖
≤ ‖(W1 − V1)W2‖+ ‖V1(W2 − V2)‖
= ‖W1 − V1‖+ ‖W2 − V2‖ ,
(21)
where we used that unitary operators do not change the
norm in the last equality.
Algebraic suppression of the frequency spectrum
In this section, we discuss the Fourier spectrum for
random multipolar sequences. We will first show numer-
ical results about the scaling of the suppression at low
frequency, then rationalize it analytically via the auto-
correlation function.
In contrast to the n−random multipolar drives con-
structed from unitaries U−, U+, here we replace unitaries
by integers −1,+1 for generating the random multipo-
lar sequence in time. For instance for n = 0, we have
the random sequence x(0)(t) = {1, 1,−1, 1,−1, . . . ,+1};
and the n = 1 sequence is made up of random dipolar
unit cells (−1,+1), (+1,−1); for n = 2, two anti-aligned
dipoles form quadrupolar unit cells as (−1,+1,+1,−1)
and (+1,−1,−1,+1). Note, these two unit cells differ by
a relative ‘-1’ sign, which will be used to determine the
recursive relation for the autocorrelation function.
We now can compare the real part of the discrete
Fourier transformation of sequences for different n. As
seen in the left panel of Fig. 5, for a random sequence
(blue, n = 0), the spectrum fluctuates randomly over
all frequencies with a flat envelop. Once imposing the
multipolar structure, several suppression of frequencies
appears at different positions, for example at ω = 0 for
n ≥ 1, and ar ω = pi for n ≥ 2. By plotting the spec-
trum on a Log-Log scale in the right panel, we can fit
the envelope of the spectrum and identify the scaling of
suppression at low frequencies as ωn.
The quasiperiodic Thue-Morse sequence (TMS) corre-
sponds to the random dipolar sequence in the n → ∞
limit, and practically we use n = 18 to approximate it.
The algebraic suppression now turns into a pseudo gap
around ω = 0 as observed in Fig. 6.
8n = 1
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FIG. 5: Left: Fourier spectrum of random multipolar se-
quences for different n. Right: Log-Log plot for the spec-
trum. Suppression at low frequencies scales algebraically
as ωn.
Gap
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FIG. 6: Frequency spectrum for the TMS.
Analytical derivation of the low frequency behavior.–
The low frequency scaling can be rationalized by the
autocorrelation function of the sequence. The autocorre-
lation function for the n−multipolar sequence x(n)(t) is
defined as
R(n)(t, τ) = 〈x(n)(t)x(n)(t+ τ)〉, (22)
where 〈. . . 〉 denotes the average over both different ran-
dom realization and t. In this case, R(n)(t, τ) becomes
translation invariant in t. For the fully random se-
quence n = 0, one obtains the standard white noise
form R(0)(τ) = δτ,0; for the dipolar sequence n = 1,
R(1)(τ) = δτ,0 + δτ,0 − δτ,1 − δτ,−1 in each dipolar unit
cell; etc. The Fourier transformation Rˆ(n)(ω), which is
also known as the spectral density, can be defined as
Rˆ(n)(ω) =
∫ ∞
−∞
dτR(n)(τ)eiωτ . (23)
The dipolar sequence has Rˆ(1)(ω) = 2−2 cos(ω), exhibit-
ing the scaling ω2 at low frequencies.
For n > 1, one can derive the scaling in the follow-
ing way. First, we know the n−multipolar unit cells are
formed by two anti-aligned (n − 1)−multipoles of size
2n−1. Accordingly, each (n − 1)−multipole contributes
R(n−1)(τ) to the anticorrelation, and the interplay be-
tween different types of (n−1)−multipoles gives the neg-
ative contribution −R(n−1)(τ ± 2n−1), where ±2n−1 is
introduced due to the relative displacement of the two
(n− 1)−multipoles. Therefore we arrive at the following
iterative relation
R(n)(τ) = 2R(n−1)(τ)
−R(n−1)(τ − 2n−1)−R(n−1)(τ + 2n−1),
(24)
corresponding to the following relation for the spectral
density
Rˆ(n)(ω) = Rˆ(n−1)(ω)
[
2− 2 cos(2n−1ω)] , (25)
with the initial condition Rˆ(0)(ω) = 1. In the end, we
arrive at
Rˆ(n)(ω) = 2n
n∏
j=1
[
1− cos(2j−1ω)] , (26)
which has multiple zero points depending on the tunable
order n. In particular, one zero point locates at ω = 0,
and the nearby suppression scales as ω2n. The following
relation [47]
Rˆ(n)(ω) = lim
T→∞
〈
|xˆ(n)(ω)|2
〉
, (27)
now helps us to identify the scaling behavior of the
Fourier transformation of x(n)(t) defined as
xˆ(n)(ω) =
1√
T
∫ T
0
x(n)(t)e−iωtdt. (28)
From Cauchy-Schwarz inequality, we have〈
|xˆ(n)(ω)|
〉
≤
√〈|xˆ(n)(ω)|2〉, (29)
suggesting that
〈|xˆ(n)(ω)|〉 is upper bounded by√
Rˆ(n)(ω) ∝ ωn for a n−multipolar sequence given a long
enough time window of integration T → ∞. Although
Eq. 29 is valid for the average of the Fourier spectrum,
we also expect it to impose the same bound ωn for a sin-
gle sequence realization in accordance with the numerical
results of Fig. 5.
Fermi’s golden rule(FGR)
Here we discuss FGR in detail. As introduced in the
main content, we consider the periodically driven system
described by the Hamiltonian
Hˆ(t) = Hˆ0 + g(t)Kˆ, (30)
where g(t)Kˆ is a weak time-periodic perturbation and
can be decomposed as
g(t)Kˆ =
∑
m>0
2gm sin(mΩt)Kˆ. (31)
After a short initial transient dynamics, in the linear re-
sponse regime, the system absorbs energy independently
9from each Fourier mode m [10]. The average rate of en-
ergy absorption over a cycle is
E˙(t) =
∑
m>0
E˙m(t), (32)
where E˙m(t) is expected from Fermi’s golden rule as [10]
E˙m(t) = 2pig
2
m
∑
i,f
∣∣∣〈E0f |Kˆ|E0i 〉∣∣∣2 (E0f − E0i )P 0i (t)
×δ
(
E0f − E0i ±mΩ
)
,
(33)
where |E0i 〉 are the eigenstates of the static Hˆ0, and
P 0i (t) =
〈
E0i |ρˆ(t)|E0i
〉
, with the density matrix ρˆ(t). The
thermalization rate is defined as
Γ(t) =
∑
m>0
Γm(t), (34)
with Γm(t) = E˙m(t)/ [E∞ − E(t)] and E∞ is the energy
at infinite temperature, which turns to be zero in our
case. Γm(t) remains to be nearly constant [10], and the
inverse of the rate 1/Γ can be used to approximate the
thermalization time. Thus, the heating rate scales expo-
nentially with driving frequency in the fast driving regime
as [6, 42, 43]
Γm = g
2
mAe
−mΩ/, (35)
consequently the thermalization time scales as emΩ for
Floquet systems. There are two undetermined system-
dependent parameters A,  (the latter is interpreted as
the effective local band width [12]), and both of them are
independent of the frequency mΩ. Eq. 35 also implies the
scaling versus driving amplitude as g2m, which is crucial
for our following discussion.
For n−multipolar driving, instead of the discrete
Fourier decomposition for periodic driving, the driving
has a continuous spectrum, and we use the following
ansatz to mimic the driving
g(τ)Kˆ =
∫
dxgx sin(xΩτ)Kˆ, (36)
where gx is the amplitude for a continuous variable x.
In particular, we are interested in the function gx = x
n
depicting the envelope of the n−multipolar random se-
quence at low frequencies.
Again by assuming that the system absorbs energy
from each mode independently, the heating rate turns
into an integral as Γ =
∫∞
0
dxΓx, with Γx = g
2
xAe
−xΩ/.
By inserting gx = x
n and only focusing on the scaling
behavior of frequency, one can analytically solve the in-
tegral as
Γ ∝
∫ ∞
0
dxx2ne−xΩ =
∫ ∞
0
d(xΩ)(xΩ)2ne−xΩΩ−2n−1
= Ω−2n−1
∫ ∞
0
dyy2ne−y = Ω−2n−1(2n)!,
(37)
(a)
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FIG. 7: Dynamics of entanglement entropy(blue) and
energy (red) for different initial states, with the same
parameters as in Fig. 2.
where we use the formula [48]∫
ynecydy = ecy
n∑
i=0
(−1)n−i n!
i!cn−i+1
yi. (38)
The inverse of Γ gives the thermalization time scaling
(1/T )2n+1 in accordance with the numerical results pre-
sented in Fig. 3.
The TMS has a pseudogap around ω = 0 (Fig. 6).
Suppose the gap is larger than the local band width, one
can approximately define the function gx = δx,x0 where
x0Ω denotes the size of the gap. In this case, the heat-
ing rate reduces to that of the Floquet systems, hence
an exponential scaling of the thermalization time is ex-
pected. Energy absorption of single modes with energy
larger than x0Ω will be even more suppressed, resulting
in a thermalization time later than ex0Ω.
Initial state dependence of prethermalization
In the main content, the dynamics induced by Thue-
Morse drives use all spins pointing down as the initial
state. Here, we compare the dynamics for different ini-
tial states deviating from the fully polarized state with
various numbers of domain walls. The results are plotted
in Fig. 7 where we confirm the lack of energy absorption
and a prethermal plateau as long as the initial state does
not deviate too much from the ferromagnetic state.
The thermalization time are plotted in Fig. 8 on a Log
scale, where the exponential dependence on 1/T can be
clearly seen. The slope of the exponential fitting is in-
sensitive to threshold values. As seen in the panel (c),
different thresholds are applied to estimate τS/E while
the slope of the fitting remain the same.
Prethermal DTC with imperfect rotation
Here we discuss the stability of the DTC with respect
to imperfect spin flips X = exp
(
ipi+2
∑
i σ
x
i
)
used in
10
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FIG. 8: Thermalization time scaling versus T−1. Note,
thresholds for entanglement and energy are chosen as
SL/(L/2) ∼ 0.58±0.02 and 〈H0F 〉t/〈H0F 〉0 ∼ 0.7±0.1 for
panel (a)(b), and 〈H0F 〉t/〈H0F 〉0 ∼ 0.85±0.1, SL/(L/2) ∼
0.63 for panel (c).
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FIG. 9: Dynamics of DTC with imperfect rotation.
{Jz, Jx, Bz, B0, Bx} = {1, 0.315, 0.21,−0.05, 0.25}, L =
18, T−1 = 30
Eq. 8 for a small . The magnetization dynamics for dif-
ferent perturbations  are plotted in Fig. 9 (driving rate
is T−1 = 30). The prethermal DTC remains stable for
small perturbations, for instance  = 0.02. For  = 0.04,
the amplitude of the period-doubling oscillation exhibits
notable decay. For  = 0.1, no time-crystalline order ex-
ists and the oscillations around zero magnetization are
induced by finite size effect. It is not very surprising to
see the phase is fragile to rotation imperfections as there
is no mechanism to protect the system from thermal-
ization. It will be interesting to investigate if disorder,
long-range interactions or dissipation are capable of sta-
bilizing the prethermal DTC further.
